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Abstract
The approximate bound-state energy spectrum of the Modified Möbius Square plus Modified Schioberg Potential (MMSMSP) within the d-dimensional Schrödinger equation was analytically studied using the Nikiforov-Uvarov Functional Analysis (NUFA) method. The associated normalized wave functions were obtained via the hypergeometric differential equation approach. Energy eigenvalues were analyzed for selected spatial dimensions by varying the potential depth and other model parameters. Furthermore, closed-form analytical expressions for the thermal properties of the MMSMSP were derived, and their temperature dependence was examined across the chosen dimensions. The results obtained show good agreement with previously reported studies and can be apply in atomic and molecular physics.
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Introduction
In quantum mechanics, one of the research areas that continue to attract considerable attention is the study of solutions to various wave equations (Zhu, 2023). This sustained interest arises because wave-equation solutions provide a fundamental framework for describing and analyzing physical systems. Numerous recent studies have further highlighted the importance of solving wave equations and their wide-ranging applications (Ahmad et al., 2025; Alam et al., 2025). Consequently, several analytical techniques have been developed and employed, including the Laplace transformation method (Eltayeb, 2025), asymptotic iteration method (Yalçın, 2023), algebraic method (Hanna et al., 2020), shifted 1/N expansion method  (Onate et al., 2022), and the Nikiforov-Uvarov (NU) method (Al-Hawamdeh et al., 2023; Mansour & Gamal, 2022), among others.
The Möbius square potential represents a generalized form of several well-known potential models and has attracted significant interest due to its broad applicability (Ikot et al., 2014). Using the NU functional analysis approach, Ikot, Rampho, et al. (2020) recently solved the Schrödinger equation with the Möbius square potential and employed their results to investigate Shannon entropy and Fisher information. Similarly, Yazarloo et al. (2012) applied the NU method to obtain D-dimensional solutions of the Schrödinger equation for the Möbius square potential, while Maghsoodi et al. (2013) derived arbitrary solutions of the Dirac equation for the same potential using the NU approach. Furthermore, Ikot et al. (2014) obtained solutions of the Dirac equation with Möbius square and Mie potentials via the supersymmetric quantum mechanics (SUSYQM) formalism.
On the other hand, the Schiöberg potential has been shown to be highly relevant in chemical and condensed matter physics (Ahmed et al., 2023). Using the Nikiforov-Uvarov functional analysis (NUFA) and SUSYQM methods, Okon et al. (2023) studied the thermomagnetic properties and their influence on Fisher entropy for a system governed by the Schiöberg plus Manning-Rosen potential. Other related studies on Schiöberg potential were reported (Ortakaya, 2013). Motivated by the need to extend wave-equation solutions to higher-dimensional spaces, research on D-dimensional formulations has increasingly emerged. In view of these developments, we investigate the solutions of the Schrödinger equation and the associated thermodynamic properties in D-dimensions under a combined modified Möbius square (MMS) and modified Schiöberg (MSP) potential. The superposition of these two potentials is particularly useful in molecular, condensed matter, and nuclear physics, as it provides deeper insight into interaction mechanisms within composite systems. The Modified Möbius Square plus Modified Schioberg Potential (MMSMSP) is express as

. 					(1)







where , and​ are potential strength parameters, and are potential depth while  represents the adjustable screening parameter, and  being the inter particle distance.
Nikiforov‑Uvarov‑Functional Analysis (NUFA) method
The method, recently developed by Ikot et al. (2021), has demonstrated strong effectiveness in solving wave equations involving exponential-type potentials for both relativistic and nonrelativistic systems. Its application to the Schrödinger or Klein-Gordon equation yields the energy eigenvalue equation in a compact, closed, and factorized form, offering a clear improvement over conventional analytical methods.
The methodological framework is based on solving second-order Schrödinger-like differential equations by analytically combining the Nikiforov–Uvarov (NU) method with the functional analysis approach (Edet et al., 2021; Ikot, Okorie, et al., 2020). Within this scheme, the NU method is utilized to handle second-order differential equations of the form:

			(2)



where  and  are polynomials of at most second degree, while is a first-degree polynomial. (Tezcan & Sever, 2009) later reformulated the NU method into a parametric representation given by:

	(3)





where  and  are all parameters for . Equation (3) possesses two singularities located at and  consequently, the wave function can be written as.

				(4)
Equation (4) is substituted into Eq. (3), and after simplification, the resulting equation is given by:

		(5)
Equation (5) reduces to a Gaussian hypergeometric equation provided that the functions listed below vanish:

				(6)

		(7)
The solutions of Eqs. (6) and (7) are given as

				(8)

		(9)
Substituting the conditions of Eqs. (6) and (7) into Eq. (5) yields Eq. (10)

		(10)
Equation (10) takes the form of a hypergeometric-type equation given by

		(11)



where ,  and  are given as follows:

			(12)

			(13)

					(14)



The hypergeometric function in Eqs. (12) and (13) terminates and becomes a polynomial of degree when we set. As a result, the hypergeometric function is finite for . Using this condition, Eq. (12) reduces to 

			(15)
Equation (15) is simplified to yield the energy eigenvalue equation using the NUFA method, given by

		(16)
Equations (8) and (9) are substituted into Eq. (4), resulting in the associated wave equation 

												(17)
Solution of radial Schrödinger equation with MMSMS potential model 
The Schrodinger equation for d-dimensional space is express in the form (Niknam et al., 2016);

		(18)

where ​ is the Laplacian operator in d-dimensional space express as  

				(19)



Here,  represents the centrifugal term in a multi-dimensional space, while ​ denotes the angular coordinates. In this context, the operator  produces hyperspherical harmonics as its eigenfunctions, expressed as:  

					(20)


where  represents the radial component of the equation, while  denotes the angular component, known as the hyperspherical harmonic. The latter satisfies the following eigenvalue equation: 

				(21)
Put Eqs. (19) and (20) into Eq. (18), and applying the relation given in Eq. (21), we obtain;

	(22)
We choose the ansatz to obtain the solutions, of eq. (22);

						(23)

where. Applying eq. (1) and (23) into eq. (22) .The second-order differential equation of the following form is obtained:

	(24)





where,  is the energy eigenvalue,  is the reduced mass,  is the reduced Planck’s constant,  is principal quantum number and  is the orbital angular momentum quantum number and 

Equation (24) contains a centrifugal term that cannot be solved analytically for. Therefore, the Greene and Aldrich approximation scheme (Greene & Aldrich, 1976), which valid only for small screening parameter is employed 

			(25)

By inserting Eq. (25) into Eq. (24) and applying the transformation,, eq. (8) reduce to:

													(26)
where

			(27)	
Upon comparison of Eq. (26) with the NUFA differential equation presented in Eq. (3), yields the following polynomial equations can be derived:

			(28)
Using Eqs. (8), (9), (12), (13), and (14), the following polynomial equations can be derived:

				(29)

			(30)

	(31)

	(32)

				(33)
Using Eq. (19), the energy eigen equation is obtained

	(34)

By inserting the parameters of Eq. (27) into Eq. (34), the energy equation takes the form 	(35)
where

	(36)
Equation (35) may be rewritten in the simplified form

			(37)
where

				(38)

The 3D nonrelativistic energy eigen equation follows from the condition that. Then Eq. (35) become

	(39)

Special cases. Modified Mobius Square potential. Substituting .into Eq. (1), then, the potential reduces to 

				(40)
And the energy-eigen equation for Modified Mobius Square potential in D-dimensional space is express as

	(41)

Modified Schioberg potential. Subject .into Eq. (1), then, the potential become Schioberg potential given as

				(42)
And the energy-eigen equation for Modified Schioberg potential in D-dimensional space is express as

	(43)
The corresponding un-normalized wave function is obtained using Eq. (17)

	(44)	 


where  is the normalization constant and  is the hypergeometric function.

To determine the normalization constant, we apply the wave function's normalization condition as follows:

						(45)
Put eq. (44) into (45) we obtain

						(46)
where,

		(47)
We evaluate the integral in eq. (47), using the Mathematica software program. Therefore, 

 			 		(48)
Thus, the normalized wave function for the MMSMSP is derived as follows:

		(49)
Thermal Properties of MMSMSP Model

The thermal properties of the MMSMSP model are studied through the evaluation of its partition function. In a framework of canonical ensemble, the partition function is obtained by summing over the bound-state energy contributions of any system at a given temperature  (Imrana et al., 2025);
Equation (35) can be presented in a more simplified form as

				(50)





where  represents the maximum value of the vibrational quantum number, determined by setting the derivative of   , express as ,  and are Boltzmann constant and absolute temperature respectively. Under the classical approximation, the summation in Eq. (50) can be expressed as an integral:

					(51)
From Eq. (51), the partition function takes the form

			(52)

where . We utilized Mathematica software to compute the integral in Equation (52) and derive the partition function for the MMSMSP.

				(53)
where

			 (54)




Equation (54) serves as the fundamental distribution function from which various thermodynamic properties of the MMSMSP system are derived. These include the free energy of the system , entropy of the system, internal energy of the system and specific heat capacity of the system, [61, 62];
Result and Discussion






Using the NUFA method, we solve the radial Schrödinger equation in d-dimensional space for a Modified Möbius square potential plus Modified Schiöberg potential. We derive the energy expression in closed form, given in Eq. (35), along with the corresponding normalized wave function in Eq. (49). The arbitrary parameters   andare employed to compute the system’s energy eigenvalues, as presented in Tables 1 and 2. These results demonstrate that the adopted approximation remains valid only for small values of the screening parameter. Table 1 displays the numerical bound-state energies for increasing quantum states and various orbital angular momentum quantum numbers  when, The negative energy values confirm the existence of bound states. Each specific choice of the screening parameter yields distinct bound-state energy, thereby confirming the confinement of particles within the potential well. Similarly, the results in Table 2 for show that the approximation holds for small screening parameters.



Table 1 Energy eigenvalues of the potential across various values of  and  when
	

	

	

	

	

	


	0
	0
	-6.75388
	-6.76937
	6.79526
	-6.8317

	1
	0
	-6.27259
	-6.28662
	-6.31008
	-6.34309

	2
	0
	-5.85323
	-5.866
	-5.88735
	-5.91737

	
	1
	-6.79526
	-6.8317
	-6.87886
	-6.93697

	3
	0
	-5.48748
	-5.49914
	-5.51863
	-5.54604

	
	1
	-5.58149
	-5.54604
	-5.58149
	-5.62515

	
	2
	-5.58149
	-5.62515
	-5.67721
	--5.73792

	4
	0
	-5.1684
	-5.17909
	-5.19694
	-5.22205

	
	1
	-5.19694
	-5.22205
	-5.25452
	-5.29449

	
	2
	-5.25452
	-5.29449
	-5.34214
	-5.3977

	
	3
	-5.34214
	-5.3977
	-5.4614
	-5.53357

	5
	0
	-4.89021
	-4.90003
	-4.91644
	-5.22205

	
	1
	-4.91644
	-4.9395
	-4.96933
	-5.29449

	
	2
	-4.96933
	-5.00604
	-5.0498
	-5.3977

	
	3
	-5.0498
	-5.10079
	-5.15925
	-5.53357

	
	4
	-5.15925
	-5.22544
	-5.29967
	-5.70469






Table 2 Energy eigenvalues of the potential across various values of  and  when
	

	

	

	

	

	


	0
	0
	-6.5049
	-6.56406
	-6.66394
	-6.80654

	1
	0
	-5.66412
	-5.71307
	-5.79565
	-5.91341

	2
	0
	-5.02452
	-5.0656
	-5.13485
	-5.23349

	
	1
	-6.66394
	-6.80654
	-6.9948
	-7.23275

	3
	0
	-4.53913
	-4.574
	-4.63276
	-4.71637

	
	1
	-4.63276
	-4.71637
	-4.82626
	-4.96436

	
	2
	-4.82626
	-4.96436
	-5.13322
	-5.33615

	4
	0
	-4.17455
	-4.20445
	-4.25478
	-4.32635

	
	1
	-4.25478
	-4.32635
	-4.4203
	-4.53821

	
	2
	-4.4203
	-4.53821
	-4.68212
	-4.85469

	
	3
	-4.68212
	-4.85469
	-5.05929
	-5.30023

	5
	0
	-3.90653
	-3.93236
	-3.97582
	-4.32635

	
	1
	-3.97582
	-4.03758
	-4.11857
	-4.53821

	
	2
	-4.11857
	-4.22008
	-4.34378
	-4.85469

	
	3
	-4.34378
	-4.49183
	-4.66696
	-5.30023

	
	4
	-4.66696
	-4.87266
	-5.11337
	-5.9148



















Furthermore, the energy eigenvalues of the Modified Möbius square potential plus Modified Schiöberg potential model are plotted as functions of the potential depth and potential parameter respectively across different spatial dimensions. Fig.1a shows the variation of energy  with respect to potential depth. We observed that the energy eigenvalue of the system decreases linearly from the origin in an increasing value of the potential depth. Fig.1b shows the variation of energy  with respect to potential parameter  . A variation of energies with parameter is observed for chosen dimensions, the values increase as the potential parameter increases. Fig.1c shows the variation of energy  with respect to potential parameter. It is observed that the energy decrease monotonously in an increasing value of the potential parameter. Fig.1d shows the variation of energy  with respect to potential depth. We observed that the energy eigenvalue of the system increase uniformly from the origin to a certain point before decreasing monotonically with an increasing value of the potential depth . Fig. 1e shows the variation of energy  with respect to potential parameter. We observed that the energy eigenvalue of the system decrease to a certain point before increasing monotonically with an increasing value of the potential parameter. 













Fig.2a, revealed the variation of partition function  with inverse temperature, in which the partition function decreases monotonically with increasing values of the inverse temperature. Fig.2b depicts the variation of vibrational free energy  with inverse temperature  and shows that vibrational free energy increase exponentially with an increase in inverse temperature. This exhibits a pattern similar to the variation of Entropy with inverse temperaturein Fig.2c. Fig.2d depicts the variation of vibrational mean energy with inverse temperature and shows that the vibrational mean energy increase linearly with an increase in inverse temperature. Fig. 2e shows variation of vibrational specific heat capacity  with inverse temperaturein which the specific heat capacity rises exponentially as the temperature continues to increase. 
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Figure 1 Variation of energy eigenvalues of MMSMSP Using varied potential depth and parameters across multiple dimensions
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Figure 2 Variation of thermodynamic properties of MMSMSP using varied potential depth and parameters across multiple dimensions

Conclusion 
In the present work, we have derived the bound-state energy spectrum along with the corresponding normalized wave functions of the Modified Möbius square potential plus Modified Schiöberg (MMSMSP) in d-dimensional Schrödinger equation using the Nikiforov-Uvarov Functional Analysis (NUFA) method. We analyzed and plot the energy eigenvalues on potential depth and potential parameters respectively by assigning arbitrary values for some dimensions. These variations exhibit unique behaviors with trends reported in previous literature. Moreover, we obtained from the partition function; the thermal properties of the MMSMSP, and their effects on temperature behavious were graphically analyzed and studied across different dimensions. The potential depth and potential parameters significantly affects both the energy eigenvalues and the thermal properties of the system. The results obtained from the study show a good agreement with other literature and can be apply in atomic and molecular physics (Imrana et al., 2026).
Acknowledgments 
The authors acknowledge the National Mathematical Centre, Abuja, Nigeria.
Funding The authors declare that there is no funding available for this manuscript.
Data Availability Data sharing is not applicable as no data sets were generated or analyzed during the research.
Declarations
Competing interests The authors declare no competing interests
Reference 
Ahmad, J., Hameed, M., Mustafa, Z., Pervaiz, F., Nadeem, M., & Alsayaad, Y. (2025). A study of traveling wave solutions and modulation instability in the (3+1)-dimensional Sakovich equation employing advanced analytical techniques. Scientific Reports, 15(1). https://doi.org/10.1038/s41598-025-00503-7
Ahmed, A. D., Eyube, E. S., Omugbe, E., Onate, C. A., & Timtere, P. (2023). Bound-state energy spectrum and thermochemical functions of the deformed Schiöberg oscillator. Scientific Reports, 13(1). https://doi.org/10.1038/s41598-023-47235-0
Alam, M. J., Ramady, A., Abbas, M. S., El-Rashidy, K., Azam, M. T., & Miah, M. M. (2025). Numerical Investigation of the Wave Equation for the Convergence and Stability Analysis of Vibrating Strings. AppliedMath, 5(1). https://doi.org/10.3390/appliedmath5010018
Al-Hawamdeh, M. A., Akour, A. N., Jaradat, E. K., & Jaradat, O. K. (2023). Involving Nikiforov-Uvarov Method in Schrodin Ger Equation Obtaining Hartmann Potential. East European Journal of Physics, 2023(2), 117–123. https://doi.org/10.26565/2312-4334-2023-2-10
Edet, C. O., Amadi, P. O., Onyeaju, M. C., Okorie, U. S., Sever, R., Rampho, G. J., Abdullah, H. Y., Salih, I. H., & Ikot, A. N. (2021). Thermal Properties and Magnetic Susceptibility of Hellmann Potential in Aharonov–Bohm (AB) Flux and Magnetic Fields at Zero and Finite Temperatures. Journal of Low Temperature Physics, 202(1–2), 83–105. https://doi.org/10.1007/s10909-020-02533-z
Eltayeb, H. (2025). Application of Natural Generalized-Laplace Transform and Its Properties. Mathematics, 13(19). https://doi.org/10.3390/math13193194
Greene, R. L., & Aldrich, C. (1976). Variational wave functions for a screenefl Coulomb potential. Physical Review A, 14(6), 2363.
Hanna, L., Alharbey, R., Abdalla, S., & Hassan, S. (2020). Algebraic method of solution of schrödinger’s equation of a quantum model. WSEAS Transactions on Mathematics, 19, 421–429. https://doi.org/10.37394/23206.2020.19.43
Ikot, A. N., Okorie, U. S., Amadi, P. O., Edet, C. O., Rampho, G. J., & Sever, R. (2021). The Nikiforov–Uvarov-Functional Analysis (NUFA) Method: A New Approach for Solving Exponential-Type Potentials. Few-Body Systems, 62(1). https://doi.org/10.1007/s00601-021-01593-5
Ikot, A. N., Okorie, U. S., Osobonye, G., Amadi, P. O., Edet, C. O., Sithole, M. J., Rampho, G. J., & Sever, R. (2020). Superstatistics of Schrödinger equation with pseudo-harmonic potential in external magnetic and Aharanov-Bohm fields. Heliyon, 6(4). https://doi.org/10.1016/j.heliyon.2020.e03738
Ikot, A. N., Rampho, G. J., Amadi, P. O., Sithole, M. J., Okorie, U. S., & Lekala, M. I. (2020). Shannon entropy and Fisher information-theoretic measures for Mobius square potential. European Physical Journal Plus, 135(6). https://doi.org/10.1140/epjp/s13360-020-00525-2
Ikot, A. N., Yazarloo, B. H., Zarrinkamar, S., & Hassanabadi, H. (2014). Symmetry limits of (D+1)-dimensional Dirac equation with Möbius square potential. European Physical Journal Plus, 129(5), 1–10. https://doi.org/10.1140/epjp/i2014-14079-1
Ikot, A. N., Zarrinkamar, S., Ibanga, E. J., Maghsoodi, E., & Hassanabadi, H. (2014). Pseudospin symmetry of the Dirac equation for a Möbius square plus Mie type potential with a Coulomb-like tensor interaction via SUSYQM, Chinese Physics C. 38(1)  013101.
Imrana, M. H., Yabagi, J. A., Teru, P. B., Ngari, A. Z., Adamu, Y., Ubaidullah, A., & Gene, S. (2025). Energy spectrum and partition function of the Varshni-Hellmann potential in the presence of magnetic and AB flux fields. Indian Journal of Physics. https://doi.org/10.1007/s12648-025-03842-3
Imrana, Teru, P. B., Ngari, Yabagi, Ndanusa, Gyobe, Ndom, N. B., & Naibi. (2026). Eigen Solution and Thermodynamic Properties of Nonrelativistic System under the Inversely Quadratic Varshini potential. Journal of NAMP, 72, 23–36. https://doi.org/10.60787/jnamp.vol72no.660
Maghsoodi, E., Hassanabadi, H., Rahimov, H., & Zarrinkamar, S. (2013). Arbitrary-state solutions of the Dirac equation for a Möbius square potential using the Nikiforov-Uvarov method, Chinese Physics C. 37(4) 043105
Mansour, H., & Gamal, A. (2022). Meson spectra using Nikiforov-Uvarov method. Results in Physics, 33. https://doi.org/10.1016/j.rinp.2022.105203
Niknam, A., Rajabi, A. A., & Solaimani, M. (2016). Solutions of D-dimensional Schrodinger equation for Woods–Saxon potential with spin–orbit, coulomb and centrifugal terms through a new hybrid numerical fitting Nikiforov–Uvarov method. Journal of Theoretical and Applied Physics, 10(1), 53–59. https://doi.org/10.1007/s40094-015-0201-9
Okon, I. B., Onate, C. A., Horchani, R., Popoola, O. O., Omugbe, E., William, E. S., Okorie, U. S., Inyang, E. P., Isonguyo, C. N., Udoh, M. E., Antia, A. D., Chen, W. L., Eyube, E. S., Araujo, J. P., & Ikot, A. N. (2023). Thermomagnetic properties and its effects on Fisher entropy with Schioberg plus Manning-Rosen potential (SPMRP) using Nikiforov-Uvarov functional analysis (NUFA) and supersymmetric quantum mechanics (SUSYQM) methods. In Scientific Reports (Vol. 13, Number 1). Nature Publishing Group UK. https://doi.org/10.1038/s41598-023-34521-0
Onate, C. A., Okon, I. B., Onyeaju, M. C., & Antia, A. D. (2022). Approximate Solutions of the Schrödinger Equation for a Momentum-Dependent potential. Journal of the Nigerian Society of Physical Sciences, 4(2), 242–250. https://doi.org/10.46481/jnsps.2022.653
Ortakaya, S. (2013). Nonrelativistic ℓ-State Solutions for Schiöberg Molecular Potential in Hyperspherical Coordinates. Few-Body Systems, 54(11), 1901–1909. https://doi.org/10.1007/s00601-013-0712-3
Tezcan, C., & Sever, R. (2009). A general approach for the exact solution of the Schrödinger equation. International Journal of Theoretical Physics, 48(2), 337–350. https://doi.org/10.1007/s10773-008-9806-y
Yalçın, Z. (2023). Bound state calculations for Hulthén–Hellmann type potential by improved asymptotic iteration method. International Journal of Quantum Chemistry, 123(23). https://doi.org/10.1002/qua.27221
Yazarloo, B. H., Hassanabadi, H., & Zarrinkamar, S. (2012). Oscillator strengths based on the Möbius square potential under Schrödinger equation. European Physical Journal Plus, 127(5). https://doi.org/10.1140/epjp/i2012-12051-9
Zhu, Y. (2023). Quantum-Solving Algorithm for d’Alembert Solutions of the Wave Equation. Entropy, 25(1). https://doi.org/10.3390/e25010062
 
1

oleObject2.bin

oleObject47.bin

image48.wmf
(

)

(

)

(

)

D

m

l

D

m

l

D

D

l

l

W

U

-

+

=

W

U

L

2

2


oleObject48.bin

image49.wmf
(

)

(

)

(

)

r

R

r

D

l

l

r

V

E

r

r

r

r

r

r

nl

D

D

ú

ú

û

ù

ê

ê

ë

é

-

+

-

-

+

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

¶

¶

÷

÷

ø

ö

ç

ç

è

æ

-

2

2

2

1

2

2

2

m

m

h

h


oleObject49.bin

image50.wmf
(

)

(

)

r

f

r

r

R

J

-

=


oleObject50.bin

image51.wmf
(

)

2

1

-

-

=

D

J


oleObject51.bin

image52.wmf
(

)

(

)

0

)

(

4

3

2

1

2

2

1

1

1

1

2

)

(

2

2

2

 

2

 

2

0

2

 

2

 

2

1

0

0

2

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

+

+

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

-

ú

ú

û

ù

ê

ê

ë

é

-

+

+

+

¢

¢

-

-

-

-

r

f

r

l

D

l

D

e

e

e

e

c

c

V

E

r

f

r

r

r

r

nl

m

r

h

m

a

a

a

a

h

h


image3.wmf
1

c


oleObject52.bin

image53.wmf
nl

E


oleObject53.bin

image54.wmf
m


oleObject54.bin

image55.wmf
h


oleObject55.bin

image56.wmf
n


oleObject56.bin

image57.wmf
l


oleObject3.bin

oleObject57.bin

image58.wmf
0

¹

l


oleObject58.bin

image59.wmf
2

 

2

 

2

2

2

)

1

(

4

-

-

-

-

-

»

r

r

e

e

r

a

a

a


oleObject59.bin

image60.wmf
r

e

z

 

2

a

-

=


oleObject60.bin

image61.wmf
(

)

(

)

(

)

0

)

(

2

2

2

ˆ

2

)

1

(

1

)

(

)

1

(

)

1

(

)

(

2

0

1

1

2

0

0

2

0

1

0

1

1

0

0

2

2

0

1

0

1

2

1

0

2

2

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

P

+

P

+

P

-

-

P

-

P

+

P

-

+

-

P

+

P

-

P

-

-

-

+

¢

-

-

+

¢

¢

z

f

c

z

c

c

z

c

z

z

z

f

z

z

z

z

f

nl

nl

nl

D

nl

nl

nl

r

e

r

r

e

j

r

r

e


oleObject61.bin

image62.wmf
(

)

(

)

4

3

2

1

2

ˆ

  

 

,

2

  

,

2

  

,

2

2

2

1

2

2

0

0

2

2

-

+

-

+

=

=

P

=

P

-

=

l

D

l

D

V

E

D

nl

nl

j

a

mh

a

m

a

m

e

h

h

h


image4.wmf
0

r


oleObject62.bin

image63.wmf
(

)

(

)

(

)

2

0

1

1

2

0

0

3

2

0

1

0

1

1

0

0

2

2

0

1

0

1

2

1

0

1

3

2

1

2

2

2

ˆ

2

1

r

e

z

r

r

e

z

j

r

r

e

z

P

+

P

+

P

-

=

P

-

P

+

P

-

=

-

P

+

P

-

P

-

=

=

=

=

c

c

c

c

h

h

h

nl

nl

D

nl


oleObject63.bin

image64.wmf
2

0

1

1

2

0

0

r

e

l

P

+

P

+

P

-

=

c

nl


oleObject64.bin

image65.wmf
(

)

(

)

C

C

B

A

AB

J

4

3

1

2

4

1

2

1

2

1

2

2

0

-

+

P

+

-

-

P

+

±

=


oleObject65.bin

image66.wmf
(

)

(

)

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

-

P

+

P

-

P

-

+

-

+

P

+

-

-

P

+

±

+

P

+

P

+

P

-

=

D

nl

nl

c

C

C

B

A

AB

c

a

j

r

r

e

r

e

ˆ

2

4

3

1

2

4

1

2

1

2

0

1

0

1

2

1

0

2

1

2

2

0

2

0

1

1

2

0

0

0


oleObject66.bin

image67.wmf
(

)

(

)

÷

÷

÷

÷

ø

ö

ç

ç

ç

ç

è

æ

-

P

+

P

-

P

-

-

-

+

P

+

-

-

P

+

±

+

P

+

P

+

P

-

=

D

nl

nl

c

C

C

B

A

AB

c

a

j

r

r

e

r

e

ˆ

2

4

3

1

2

4

1

2

1

2

0

1

0

1

2

1

0

2

1

2

2

0

2

0

1

1

2

0

0

1


oleObject4.bin

oleObject67.bin

image68.wmf
2

0

1

1

2

0

0

2

1

r

e

P

+

P

+

P

-

+

=

c

b

nl


oleObject68.bin

image69.wmf
(

)

(

)

(

)

(

)

2

2

0

1

2

1

2

0

0

2

0

1

2

0

0

ˆ

2

1

)

(

4

1

1

ú

ú

û

ù

ê

ê

ë

é

+

+

-

-

+

P

-

-

P

+

+

P

-

P

=

J

n

J

n

c

c

c

D

nl

j

r

r

e


oleObject69.bin

image70.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

0

2

2

2

1

2

0

2

2

0

2

2

2

0

0

2

0

ˆ

ˆ

4

3

2

1

2

2

1

2

2

2

1

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

+

+

-

-

+

-

+

-

+

-

-

-

-

+

=

K

n

K

n

l

D

l

D

c

c

V

c

V

E

nl

r

a

mh

a

m

m

a

r

h

h

h

h


oleObject70.bin

image71.wmf
(

)

(

)

(

)

(

)

4

3

2

1

2

4

3

1

2

2

2

2

1

ˆ

0

2

0

2

2

2

1

2

0

1

0

2

2

0

-

+

-

+

-

-

+

+

-

-

+

=

l

D

l

D

c

c

c

c

V

K

r

r

a

mh

a

m

h

h


oleObject71.bin

image72.wmf
(

)

(

)

2

2

2

1

0

ˆ

ˆ

ú

ú

û

ù

ê

ê

ë

é

+

+

-

-

=

K

n

K

n

E

nl

f

f

f


image5.wmf
0

V


oleObject72.bin

image73.wmf
(

)

(

)

(

)

(

)

(

)

4

3

2

1

2

2

1

2

2

2

1

0

2

2

2

1

2

0

2

2

0

2

2

2

1

2

0

0

2

0

0

+

+

-

+

-

+

-

-

=

=

-

+

=

l

D

l

D

c

c

V

c

V

r

a

mh

a

m

f

m

a

f

r

h

f

h

h

h


oleObject73.bin

image74.wmf
3

=

D


oleObject74.bin

image75.wmf
(

)

(

)

(

)

(

)

(

)

(

)

2

2

0

2

2

2

1

2

0

2

2

0

2

2

2

0

0

2

0

ˆ

ˆ

1

2

1

2

2

2

1

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

+

+

-

+

-

+

-

-

-

-

+

=

K

n

K

n

l

l

c

c

V

c

V

E

nl

r

a

mh

a

m

m

a

r

h

h

h

h


oleObject75.bin

image76.wmf
0

=

h


oleObject76.bin

image77.wmf
2

 

2

 

2

1

0

0

1

)

(

ú

ú

û

ù

ê

ê

ë

é

-

+

-

=

-

-

r

r

e

e

c

c

V

r

V

a

a


oleObject5.bin

oleObject77.bin

image78.wmf
(

)

(

)

(

)

(

)

(

)

2

2

2

1

2

0

2

2

0

2

2

2

0

0

ˆ

ˆ

4

3

2

1

2

2

2

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

+

+

-

+

+

-

+

-

-

-

-

=

K

n

K

n

l

D

l

D

c

c

V

c

V

E

nl

a

m

m

a

h

h


oleObject78.bin

image79.wmf
0

0

=

V


oleObject79.bin

image80.wmf
2

 

2

 

2

0

1

1

1

)

(

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

=

-

-

r

r

e

e

r

V

a

a

r

h


oleObject80.bin

image81.wmf
(

)

(

)

(

)

(

)

(

)

(

)

2

2

0

2

2

2

2

2

0

ˆ

ˆ

4

3

2

1

2

2

1

2

2

1

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

+

+

-

+

+

-

+

-

+

-

-

+

=

K

n

K

n

l

D

l

D

E

nl

r

a

mh

m

a

r

h

h

h


oleObject81.bin

image82.wmf
(

)

(

)

(

)

(

)

x

b

a

a

F

x

x

N

x

nl

n

;

,

,

1

1

0

1

2

2

3

1

4

1

2

1

3

z

z

z

z

y

-

+

+

±

-

=


image6.wmf
h


oleObject82.bin

image83.wmf
nl

N


oleObject83.bin

image84.wmf
(

)

d

l

u

l

;

1

2

);

(

2

,

1

2

+

+

+

-

n

n

F


oleObject84.bin

image85.wmf
nl

N


oleObject85.bin

image86.wmf
(

)

1

0

2

=

ò

¥

dx

x

nl

y


oleObject86.bin

image87.wmf
a

2

1

0

2

=

ò

dx

I

N

nl

nl


oleObject6.bin

oleObject87.bin

image88.wmf
(

)

(

)

[

]

x

J

n

n

F

x

I

J

nl

;

1

2

);

(

2

,

1

1

2

2

2

+

+

+

-

-

=

l

l

d

l


oleObject88.bin

image89.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

÷

÷

ø

ö

ç

ç

è

æ

+

G

+

G

G

+

+

+

G

+

+

G

+

+

=

J

n

J

n

n

J

n

n

J

n

N

nl

2

2

1

2

!

2

2

2

1

2

l

l

l

l

l

a


oleObject89.bin

image90.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

x

J

n

n

F

J

n

J

n

n

J

n

n

J

n

x

nl

;

1

2

);

(

2

,

1

2

2

1

2

!

2

2

2

1

2

1

2

+

+

+

-

-

´

÷

÷

ø

ö

ç

ç

è

æ

+

G

+

G

G

+

+

+

G

+

+

G

+

+

=

l

l

d

d

l

l

l

l

l

a

y

u

l


oleObject90.bin

image91.wmf
T


oleObject91.bin

image92.wmf
(

)

å

=

-

=

=

max

0

 

1

      

,

n

n

B

nl

E

T

k

e

Z

b

b

b


image7.wmf
a


oleObject92.bin

image93.wmf
max

n


oleObject93.bin

image94.wmf
0

=

dn

nl

dE


oleObject94.bin

image95.wmf
2

ˆ

max

f

+

-

=

K

n


oleObject95.bin

image96.wmf
B

k


oleObject96.bin

image97.wmf
T


oleObject7.bin

oleObject97.bin

image98.wmf
(

)

dn

e

Z

n

nl

E

ò

-

=

max

0

 

b

b


oleObject98.bin

image99.wmf
(

)

(

)

d

b

d

f

d

f

f

b

f

f

f

b

d

e

e

Z

n

ò

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

-

=

max

0

2

1

2

2

2

1

 

0

2

1

2


oleObject99.bin

image100.wmf
K

n

ˆ

+

=

d


oleObject100.bin

image101.wmf
(

)

(

)

[

]

1

2

1

0

2

1

2

4

bf

p

b

f

f

f

b

-

D

+

D

=

-

)

)

e

Z


oleObject101.bin

image102.wmf
÷

÷

ø

ö

ç

ç

è

æ

-

-

-

=

D

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

=

D

max

1

2

max

1

2

1

2

2

max

1

2

max

1

2

1

2

1

n

n

Erf

e

n

n

Erf

e

bf

f

bf

bf

f

bf

f

bf

f

bf

)

)


image8.wmf
r


oleObject102.bin

image103.wmf
(

)

(

)

b

b

b

Z

ln

1

F

-

=


oleObject103.bin

image104.wmf
(

)

(

)

b

b

b

¶

¶

-

=

F

S

B

k


oleObject104.bin

image105.wmf
(

)

(

)

b

b

b

¶

¶

=

Z

ln

U


oleObject105.bin

image106.wmf
(

)

(

)

b

b

b

¶

¶

=

U

C

V

B

k


oleObject106.bin

image107.wmf
 

,

2

 

,

1

 

 

0

=

=

=

=

h

m

V

h


oleObject8.bin

oleObject107.bin

image108.wmf
.0

1

 

 

0.5,

 

c

1

0

=

=

c


oleObject108.bin

image109.wmf
 

1.5

 

0

=

r


oleObject109.bin

image110.wmf
l


oleObject110.bin

image111.wmf
05

.

0

=

a


oleObject111.bin

image112.wmf
1

.

0

=

a


image9.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

0

~

~

)

(

1

2

1

=

+

¢

+

¢

¢

-

-

x

x

x

x

x

x

x

y

s

s

y

s

t

y


oleObject112.bin

image113.wmf
n


oleObject113.bin

image114.wmf
l


oleObject114.bin

image115.wmf
05

.

0

=

a


oleObject115.bin

image116.wmf
n


oleObject116.bin

oleObject117.bin

oleObject9.bin

image117.wmf
3

)

(

=

D

eV

E

l

n


oleObject118.bin

image118.wmf
4

)

(

=

D

eV

E

l

n


oleObject119.bin

image119.wmf
5

)

(

=

D

eV

E

l

n


oleObject120.bin

image120.wmf
6

)

(

=

D

eV

E

l

n


oleObject121.bin

oleObject122.bin

oleObject123.bin

image10.wmf
(

)

x

s


image121.wmf
1

.

0

=

a


oleObject124.bin

oleObject125.bin

oleObject126.bin

image122.wmf
3

)

(

=

D

eV

E

l

n


oleObject127.bin

oleObject128.bin

image123.wmf
5

)

(

=

D

eV

E

l

n


oleObject129.bin

image124.wmf
6

)

(

=

D

eV

E

l

n


oleObject10.bin

oleObject130.bin

image125.wmf
)

(

eV

E

nl


oleObject131.bin

image126.wmf
0

V


oleObject132.bin

oleObject133.bin

image127.wmf
)

(

eV

E

nl


oleObject134.bin

image128.wmf
0

c


oleObject135.bin

image11.wmf
(

)

x

s

~


oleObject136.bin

oleObject137.bin

image129.wmf
)

(

eV

E

nl


oleObject138.bin

image130.wmf
1

c


oleObject139.bin

image131.wmf
1

c


oleObject140.bin

oleObject141.bin

image132.wmf
h


oleObject11.bin

oleObject142.bin

image133.wmf
h


oleObject143.bin

oleObject144.bin

image134.wmf
0

r


oleObject145.bin

oleObject146.bin

image135.wmf
)

(

b

Z


oleObject147.bin

image136.wmf
(

)

1

-

kT

b


image12.wmf
(

)

x

t

~


oleObject148.bin

image137.wmf
(

)

1

-

kT

b


oleObject149.bin

image138.wmf
)

(

b

F


oleObject150.bin

oleObject151.bin

oleObject152.bin

image139.wmf
)

(

b

S


oleObject153.bin

oleObject154.bin

oleObject12.bin

image140.wmf
)

(

b

U


oleObject155.bin

oleObject156.bin

oleObject157.bin

image141.wmf
)

(

b

v

C


oleObject158.bin

image142.wmf
b


oleObject159.bin

image143.png
()





image144.png
00 02 04 06 08 10 12 14




image13.wmf
(

)

(

)

(

)

(

)

[

]

(

)

0

1

1

1

)

(

3

2

2

1

2

3

2

3

2

1

=

-

+

-

-

+

¢

-

-

+

¢

¢

x

x

x

x

h

x

x

x

h

x

x

h

h

x

y

z

z

z

y

y


image145.png
(@





image146.png




image147.png
Em(eV)

(€





image148.png
Fig





image149.png
)

500,

1000,

1500,

0.0 0.5 1.0 15 20
BTy




image150.png
0.00 0.02 0.04 0.06 0.08 0.10
8o




image151.png
Sig)

-10000

-20000

-30000

0.00

0.02 0.04 0.06 0.08 0.10
BTy




image152.png
0.00 0.02 0.04 0.06 0.08 0.10
BTy’




oleObject13.bin

image14.wmf
k

h


oleObject14.bin

image15.wmf
k

z


oleObject15.bin

image16.wmf
3,....

 

2,

 

,

1

=

k


oleObject16.bin

image17.wmf
0

®

x


oleObject17.bin

image18.wmf
1

3

-

®

h

x


oleObject18.bin

image19.wmf
(

)

(

)

(

)

x

x

h

x

x

J

n

F

-

=

3

1

l

y


oleObject19.bin

image20.wmf
(

)

(

)

[

]

(

)

(

)

(

)

(

)

(

)

0

1

1

1

4

1

2

4

1

2

2

2

2

)

(

1

3

3

3

2

3

1

3

1

2

3

3

1

2

3

1

2

3

3

2

3

3

2

2

3

1

2

3

3

2

3

3

2

3

2

3

3

1

3

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

-

+

+

-

-

+

-

+

-

+

-

+

F

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

-

+

+

´

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

+

+

-

F

¢

+

+

-

+

+

F

¢

¢

-

x

h

h

h

J

h

h

J

h

h

J

J

x

h

x

h

h

h

h

h

h

h

J

h

h

h

h

h

h

h

J

h

x

x

h

Jh

h

h

x

x

h

x

z

z

z

z

l

l

l

z

l

z

l

l

l


oleObject20.bin

image21.wmf
(

)

0

1

3

1

=

-

+

-

z

l

l

l

h


oleObject21.bin

image22.wmf
(

)

0

1

3

3

2

1

3

1

3

1

2

3

=

+

+

-

-

+

-

-

h

h

J

h

h

J

h

h

J

J

z

z

z


oleObject22.bin

image23.wmf
(

)

(

)

2

4

1

1

3

2

1

1

z

l

+

-

±

-

=

h

h


oleObject23.bin

image24.wmf
(

)

(

)

(

)

3

2

3

3

1

3

1

2

2

3

1

3

2

3

1

3

2

4

h

h

h

h

h

h

h

h

h

h

h

J

z

z

z

-

+

+

-

+

±

-

+

=

-


oleObject24.bin

image25.wmf
(

)

(

)

[

]

(

)

(

)

0

4

1

2

4

1

2

2

2

2

)

(

1

2

3

1

2

3

3

2

3

3

2

2

3

1

2

3

3

2

3

3

2

3

2

3

3

1

3

=

F

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

-

+

+

´

÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

+

+

-

F

¢

+

+

-

+

+

F

¢

¢

-

x

h

h

h

h

h

h

h

J

h

h

h

h

h

h

h

J

h

x

x

h

Jh

h

h

x

x

h

x

z

l

z

l

l

l


oleObject25.bin

image26.wmf
(

)

(

)

[

]

(

)

[

]

(

)

0

1

)

(

1

1

0

1

0

=

-

¢

+

+

-

+

¢

¢

-

s

f

a

a

s

f

s

a

a

b

s

f

s

s


oleObject26.bin

image27.wmf
0

a


oleObject27.bin

image28.wmf
1

a


oleObject28.bin

image29.wmf
b


oleObject29.bin

image30.wmf
÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

+

+

=

2

3

1

2

3

3

2

3

3

2

3

0

4

1

2

h

h

h

h

h

h

h

J

h

a

z

l


oleObject30.bin

image31.wmf
÷

÷

÷

ø

ö

ç

ç

ç

è

æ

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

-

+

+

=

2

3

1

2

3

3

2

3

3

2

3

1

4

1

2

h

h

h

h

h

h

h

J

h

a

z

l


oleObject31.bin

image32.wmf
l

2

1

+

=

h

b


image1.wmf
2

 

2

 

2

0

2

 

2

 

2

1

0

0

1

1

1

1

)

(

ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

+

-

+

ú

ú

û

ù

ê

ê

ë

é

-

+

-

=

-

-

-

-

r

r

r

r

e

e

e

e

c

c

V

r

V

a

a

a

a

r

h


oleObject32.bin

image33.wmf
n


oleObject33.bin

image34.wmf
n

a

a

-

=

=

1

0


oleObject34.bin

image35.wmf
max

3,....

 

2,

 

1,

 

,

0

n

n

=


oleObject35.bin

image36.wmf
2

3

1

2

3

3

2

3

3

3

2

4

1

2

h

h

h

h

h

n

h

h

h

J

z

l

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

=

+

-

+

+


oleObject36.bin

image37.wmf
0

4

1

2

2

2

2

3

1

2

3

3

2

2

3

3

3

2

3

3

3

2

2

=

+

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

+

-

+

+

÷

÷

ø

ö

ç

ç

è

æ

+

-

+

+

h

h

h

h

h

n

h

h

h

J

h

n

h

h

h

J

z

l

l


oleObject1.bin

oleObject37.bin

image38.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

x

b

a

a

F

x

h

x

x

h

h

h

h

h

h

h

h

h

h

h

h

h

n

;

,

,

1

1

0

1

2

3

2

2

3

3

1

3

1

4

2

2

3

1

3

2

3

1

3

3

2

3

4

2

1

1

1

1

÷

ø

ö

ç

è

æ

-

+

-

+

-

+

±

-

+

+

-

±

-

-

=

z

z

z

z

y


oleObject38.bin

image39.wmf
(

)

(

)

[

]

)

,

(

)

,

(

2

2

1

2

D

nlm

nm

D

nlm

D

r

r

V

E

r

W

Y

-

=

W

Y

Ñ

-

-

m

h


oleObject39.bin

image40.wmf
2

D

Ñ


oleObject40.bin

image41.wmf
(

)

D

D

D

D

D

r

r

r

r

r

r

r

W

L

-

÷

÷

ø

ö

ç

ç

è

æ

¶

¶

¶

¶

÷

÷

ø

ö

ç

ç

è

æ

=

Ñ

-

-

2

2

1

2


oleObject41.bin

image42.wmf
2

2

-

L

r

D


image2.wmf
0

c


oleObject42.bin

image43.wmf
(

)

D

W


oleObject43.bin

image44.wmf
2

D

L


oleObject44.bin

image45.wmf
(

)

(

)

D

m

l

nl

D

nlm

r

R

r

W

U

=

W

Y

)

,

(


oleObject45.bin

image46.wmf
(

)

r

R

nl


oleObject46.bin

image47.wmf
(

)

D

m

l

W

U


